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Soliton chaosmodelsfor mechanicalandbiological elasticchains
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The possibilityof purelyspatialchaosof loop andenvelopesolitonlocalizationin longelasticstringsis considered.Possible
connectionsto someproblemsin molecularbiologyarediscussed,

1. Introductionand preliminaryremarks semblestheperiodicinstabilitywavesof compressed
elastica.Dependingon certaingeometricalparame-

Therehasbeenanincreasedinterestin complexity ters,a longelasticainsidea longcircularpipewould
and spatial chaosin recentyears [1—5].In partic- lose stability when compressedand form a helical
ular, sincethe discoveryof loop solitonsandtheir structure[13]. The secondarystructurealso looks
interaction[6,7] aswell asthepossibilityof apurely verycloseto thesoliton loopsofthe chaoticelastica.
spatialchaos[8], thereis a renewedinterestin the Finally, the tertiarystructurelooks very much like
Eulerelasticaandits applications[9]. the stronglycoiled elasticaanticipatedtheoretically

El Naschieestablishedtheconnectionbetweenthe in ref. [51andconfirmednumericallyin refs. [9,13].
loop soliton andthe Milke—Holmes chaoticelastica Proteinchainsare not rigid. Similar to the elas-
usinga dynamicalversionof theEulerelastica[5,9]. tica, they are flexible. This elasticity is essentialin
He also drew attentionto the possibility of inter- understandingprotein deformation [12,14]. Not
preting the instability wavesin curvedcompressed unlike DNA, soliton chaosof the elasticaalso con-
thin materialsurfaces(i.e. shells) as envelopesoli- veysa definite codewhentranslatedinto symbolic
ton turbulence [9,10]. ThompsonandVirgin were dynamics.
the first to publisha numericalconfirmationof the In thepresentwork we studynumericallywhatwe
theoreticalresultsof Milke andHolmesusingan el- may term spatial strangeattractorsin the elastica.
ementarybut neatmodel [11]. Thismight beofinterest,sincestrangeattractorsare

Thereis someintriguing likeness,at leasta purely regardedoccasionallyasgeneratorsof information.
visualone,betweenthe elasticaconfigurationsand Due to the analogybetweenthe Hamiltonian of
protein transformations.The primary structureof theelasticaandtheHamiltonianof a circularelastic
protein [12], which is madeup of longlinearchains ringunderexternalpressure[15], thesimilarity may
of covalently linked amino acids, for instance,re- be extendedto circular DNA. In fact in some ele-

mentary demonstrationusing a long twirled and
Permanentaddress:Instituteof Applied Mechanics,Techni- stretchedelasticband,we observenot only the spa-
cal University of Lodz, StefanowskiegoI/ 15, 90-924Lodz, tial complexity andpseudo-randomloopsshown in
Poland. refs. [5,9], but we can more frequently and very
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clearly observesupercoilingin the elasticbandvery a position to commentin depthon theexactnature
similar to that of DNA. It seemsalso that spatial of the analogysuggestedhere.
chaosgeneratedby periodic fluctuation in the elas- Neverthelesswe hopethatourdetailedknowledge
tica mayfit well into a known analogybetweenpoly- of the elasticaand staticalchaosmay be of some
merchainsandBrownianmotionandthis in turn is value,howeverlimited, to thespecialistwho maybe
anotherconnectionto fractals. ableto drawa clearer picture. In additionwehope

We mayrecall as explainedin detail in refs. [5,9] that this work clearly showsthat soliton andchaos
that for a soliton loop to form in theplanarelastica, are notcontradictoryandevenessentialasnotedin
very largedeformationis neededfirst, thenwemust a differentcontextby UedaandNoguchi [22].
assumethat the endscanpasswithout obstruction
througheachother, which is of coursephysicallyim-
possible.If the planartwo-dimensionalconstraintis 2. Thedynamicalelastica— loop sotiton
removedhowever,the loopsolitonformsin threedi-
mensionswithouttheneedfor alargedeflection.This Consider the following nonlinear differential
might be relatedto anotherobservationin protein, equationwhich describesthe dynamicalbehaviour
There the primary structurescan be considered of the elastica,
planar,however,the secondarystructuresmustbe ~ + ~ +~ [ W (1 + W

2)— 3/2] = 0 (1)
takenasthree-dimensional[14]. Nevertheless,if the ti XX xx x XX

lateralmovementof theelasticais restrainedin some where ( ).~= d/dxand ( )~= d/dt. Here W is the
way, for instancethrough electromagneticforcesas nondimensionaldisplacement,e= a/2PA, ci is the
in electricconductors[161 or by elasticforcesasin bendingstiffness.A is thecross-sectionalareaof the
axisymmetricaldeformationof beamsattachedlat- elastica,P is theaxial force, x is theaxial coordinate
erally to the elasticmedium [9], then therecanbe and t is the time.
a possibilityfor anothertype of soliton in two di- Introducingthe stretchedcoordinates
mensionsandwithout very largedeflection.This is — + ~ —

theenvelopesolitonwell knownfrom the solutionof X
1 — X an — c

the nonlinear Schrädingerequation [171. In the noting that whena loopforms in the elastica,then
presentwork we give numericalconfirmationfor the compressionisreversedinto tension [131 andusing
conjecturemadein refs. [5,101 thatelasticmaterial 0 ands ascoordinatesystemwhere0 is the slopeof
surfaces,such as shells, exhibit undercertaincon- the centralline ands is thearch length,our PDEre-
ditionspurely spatialandstaticalsoliton chaos. ducesto

In all the problemsconsideredherewe studythe
0+cosO(sec0O5~)5=0, (2)

influence of band-limitedwhite noise on the ran-
domnessof the soliton [18,191, andwe show that whereadotdenotesd/dtand ( )~=d/ds.Usingthe
this spatialchaosmay be eliminatedor reducedby inversescatteringtransformation,this equationcan
addingnoise.Needlessto say a phenomenonindis- beshownto possessa loopsoliton solution [6,7,26—
tinguishablefromspatialchaoscanonlybeobserved 28]. Someelementaryexperimentaldemonstrations
in theunforcedsystemby addingband-limitedwhite of theseloopswere reportedin ref. [13]. The time
noise. independentversionof the lastequationis nothing

Theideaofusingsolitonto modelDNA isofcourse butthe familar nonlinearODEof theEuler elastica,
not new at all. It hasbeenconsideredin somepi-

Ø53+sinØ=0. (3)
oneenngwork by DavydovandK.tslukla [20]. Highly
interestingresultswerereportedin numerousexcel- Now we perturbthis equationby first addingpen-
lent papersby Scott [21]. odic spatial forcing (imperfection),

Theseresearchersgo of coursefar deeperinto the .

O~5+sinO=asinws, (4)
realandfar moredifficult problemsof molecularbi-
ology. We on theotherhandare familiar only with and then addingband-limitedwhite noise pertur-
the global logic of molecularbiology andare not in bation to it:

276



Volume 147, number5,6 PHYSICSLETTERSA 16 July 1990

0.7 ________________________________ 0.00~A ~0.01 andthreedifferent perturbationfre-
quency bands 0.5~v1~3.5,0.5~v,~l.5and

/ ,~ 2.5~v1~3.5,N=300areshown in figs. 1 and2. Two
different representationsare used: A spatial plot

- T ‘- .... which showsthe actualform which the infinite elas-

max ~. tica shouldtakeandalso the plot of the most prob-

ablevalueof the maximumLyapunovexponentdis-
tribution overa numberof noiserealizations IAmax I
(100 realizationsof noisefor different y~havebeen
considered)[18,19] versusnoiseintensityA.As has

01 ,,,,,, beenshownin refs. [18,19] apositivevalueof I’~ma~J
0.001 A 0.01 indicatesa chaoticstochasticprocesswhile a non-

positiveone is characteristicfor a regularstochastic
Fig. I. The mostprobablevalueof thedistributionof maximum process.Theresultsagreequalitativelywith someex-
Lyapunovexponents~ for eq. (5) versusnoiseintensityA: perimentaldemonstrationreportedin refs. [5,9].
a=0.0l, v=l, Ø(0)=2, Ø(0)=0; (~“) VmjnO.5, vm~3.5; To concludethispartweconsiderthe influenceof

)vmrn0.5,vm~l.5;(_~)vminrr2.5,vm,,~3.5. positivedampingas well as what might appearas

somewhatartificial spatialforcing. This forcingarises
N howeverin a naturalway in the parametricforcing

~ + sin0 = a sinws+A ~ sin( i’tS+ Yi), (5) of the correspondingdampedpendulumproblem.
Thuswe studythefollowing equationof theelastica,

wherev. andy. are randomvariables.
O5~+öO~+bsinO

The secondcomponentof eq. (5) is anapproxi-
mationof a band-limitedwhite noisewith a spectral , N

A =asinausinØ+A~ cos(v1s+y1) (8)
uensity E= 1

S(v) ci1(Vmax — Vmjn), Ve [Vmin, Vm~], for different parametricvalues as well as initial

conditions.
= 0 V~[Vmin, umax], (6) For thedeterministicandnoiseperturbednonlin-

ais constant,~mjfl andVmax are thebandfrequencies ear dynamics we plot the correspondingspatial
ofthenoise.y, areindependentrandomvariableswith strangeattractorin theregionofthestrangeattractor
uniform distribution on the interval [0, 2n],A and [23]. Fig. 3 showsclearly the immenserichnessof
v, aregiven by information which theselooping patternscanpro-

duce for infinitely long s. This may be relevantto
A=~J~/N, v,= (i—0.5)~v+Vmin, someproblemsin molecularbiology.

E~v—(v —ii ~IN (7~ From the plot of the mostprobablevalueof the— max mini, \ ~ . .Lyapunovexponentdistnbution I

2max I shown in fig.
Someof the obtainednumericalresultsfor a= 0.01, 4 wecanobservethat for somevalueof noiseinten-

(a)

(b)

Fig.2. Examplesof spatialplot for eq. (5): (a) A= 0.0015;(b) A =0.0080.
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Fig. 3. Spatial strangeattractorsfor eq. (8), 5=0.l5,b=l, a=0.94; (a) w=l.56,A=0; (b) w= l.58,A=0; (c) w=l.56,A=0.l; (d)

1. 58,A= 0. 15.

sityA, I ‘~maxI is negative,which implies elimination

0 _______________________________________ of chaos (transition from chaotic to regular sto-1 chasticprocess)in the senseof symbolicdynamics

as shown in the spatialplot of fig. Sb. The shapeof

Xmax~

(c)

-0.3
0.01 IAI 0.1

Fig.4. The mostprobablevalueof thedistributionof maximum (d)
Lyapunovexponents— I I for eq. (8) versusnoiseintensity
A, a=0.l5, ö=0.Ol, w= 1, b=0.0272222,Ø(0)=6, Ø(0)=0; Fig. 5. Examplesof spatialplot for eq. (8): (a) A=0.02; (b)
(~~)VminO.5, v,,~=3.5;(‘) VminO.5, vma,~l.5;~ A=0.05; (c) A=0.08; (d) a=0, N=2, v

1=l, v2=~/~/l0,

Vmin2.5,Vm~3.5. A=0.l.
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loops in the spatial plot is not the same because of 
random forcing, but if we indicate the upper loop as 
1 and the lower one as 0 we obtain a periodic se- 
quence of symbols: 

000111000111000111000111..., 

while for the chaotic spatial plots of figs. 5a and 5c 
we have aperiodic sequences: 

0001 i i iooooiooioooi ioooi... 
and 

000111011100111010011100.... 

Another interesting type of behaviour can be ob- 
served if we consider a particular form of eq. (5 ) by 
taking a=O, N= 2 and v, and v2 to be incommen- 
surable. In this case we can observe the behaviour 
presented in fig. 5d which seems to be chaotic. it is 
chaotic in the sense that it has an aperiodic sequence 
in the symbolic representation: 

0111001001110001110101110010100..., 

but we have no sensitive dependence on the initial 
conditions as the Lyapunov exponents are negative. 
This type of spatial strange behaviour is related to 
the so-called strange nonchaotic attractors [ 23-251. 

3. Instability waves in an elastic structure - 
envelope soliton 

Consider the following nonlinear partial differ- 
ential equation which may be used to describe the 
propagation of buckling waves in an elastic medium 
such as the axisymmetrical deformation of an axially 
compressed cylindrical shell, 

cY~+uw” +c* w-c1 w2+pw=o. (9) 

For a radial strain obeying a logarithmic law, this 
equation was used in refs. [ 9,13 ] to study the insta- 
bility waves due to buckling. 

Now depending on the number of slow spaces and 
slow time, different reduced differential equations 
for the complex amplitude of deflection A may be 
obtained. For instance, using 

x=x0, x1 =&xl), X*=&2X, 

t=to, t, =&to, t2 =E2t* ) 

one finds the following Ginzburg-Landau type equa- 
tion [17]: 

a,A”-(Y2A+i~3Af+i(Yqk+(YSAIA12=0, (10) 

where i=&l, an accent denotes d/dx and a dot 
denotes dldt. 

On the other hand the PDE may be drastically re- 
duced to an ODE by reducing stretching to only 
xl =ex. This leads to the following stationary non- 
linear Schrodinger equation [ 17 1, 

~,A”-cx,A+~,A(A~~=O. (11) 

This equation is easily integrated by elementary 
methods and gives the soliton solution 

A=jk - sech(sx,) , (12) 

for (Y = c, = c2 = c3 = r= 1. The homoclinicity of this 
solution may be established easily as shown in ref. 

191. 
An optimum choice of the number of slow spaces 

and slow times which restores the dynamical char- 
acter of the problem we have, however, when we take 

x1 ==o, t, =&to, t2 =E2f, . 

This leads to the nonlinear Schrijdinger equation 

a,A”-a2A+ia,k+a,AIA12=0, (13) 

with the well-known solution [ 171 

A(x, t) I 1=1,, =a sech bx cos cx , 

where a, b and c are constant. 

(14) 

Either way we expect spatial forcing to yield spa- 
tial envelope soliton chaos. Thus we consider first 
the periodically forced equation 

A”+k,A’-k2A+kSA3=k4cosk5s. (15) 

The results of the numerical integrations for differ- 
ent parameter values which are: kl =O.Ol, k2 = 
0.25,k3=19/(4x18),k,=1 anddifferentvaluesof 
k4 are shown in fig. 6. They fully confirm the ex- 
pectations expressed earlier in refs. [ 5,9,13 1. 

Subsequently the forcing by band-limited white 
noise, 

A”+klA’-k2A+k3A3=A 5 cos(vis+yi), (16) 
i=l 

279 



Volume 147, number5,6 PHYSICSLETTERSA 16 July 1990

formationof the elasticaandDNA chams.The de~
formationin an elastic band however is in principle
reversiblewhile the transformationfrom DNA to

~ RNA wasneverobservedto be reversible.
(b) In terms of the mechanicsof deformablebodies

DNA chainsact as if they had in-locked internal

compressioninsidethem,a kind of pre-stressingwith
a very weak elasticbond,which is checkedby the
bendingand axial stiffnessof the silhouetteof the

C) chain. Whenthrough chemicalreactionsthis stiff-
Fig. 6. Examplesof spatialplot for eq. (15): = 0.01,k

2= 0.25, nessandthebond areeroded,collapsefollows. This
k3=19/(4x18),k5=l,A(0)=l.37649,A(0)=0;(a)k4=0.001; is not very much unlike the coiling of a long twirled
(b) k4=0.002;(c) k40.003. and stretched rubber band when the stretching forces

are gradually released. If this outrageously elemen-
tary mechanical picture is anywhere near correct,

(a) then it is of courseextremely unlikely that an in-

creasein thestiffnesscould everrestoretheoriginal
situationandif the analogyholds, thentherecanbe
no RNA to DNA transformation.

(b) Of coursethereis still the possibilityknown from

materialswith memorywhich may regainthe orig-

J—A-—\

~ inal form by an influx of energy.
We hopeto haveshown clearly through the nu-

(c) merical results that spatial chaosmay help in un-
derstandingcomplexity.The roleof randompertur-

Fig. 7. Examplesof spatialplot for eq. (16): k1—k3 asin fig. 6: bationin eliminatingspatialchaosshedslight on the
(a) A =0.001, IAmaxH0.06 (b) A=0.002, I’~mxxI=0.07; (c) therapeutic effect of vibration in the medical treat-
A 0.003, )‘max) = —0.03. mentof bone disorder. Based upon previous dynam-

ical observations[18,19] thiseffectis fully expected
is considered. In fig. 7 we show a spatial plot of the although it should be regarded as counter-intuitive
samesystemas in fig. 6 this time, however,with that a type of spatial forcing which on its own pro-
band-limitedwhite noiseforcing. ducesstochasticityshouldeliminateanothertype of

In all the aboveexamplesthe soliton strangebe- chaoswhereintuition may suggestthat moreoom-
haviourwouldthushavea similarsymbolicdynamic plicatedbehaviouris expected.Thework alsostresses
representation.However,in manycaseswe haveno theview expressedprobablyfor the firsttimeby Ueda
sensitivedependenceon initial conditions — fig. 7c. that soliton and chaosshould not be regardedas

contradictory.
Finally we maynote thatspatialdampingmaybe

4. Conclusions thoughtof asakind of nonconservativeforcesimilar
to thatknownin dynamicalstabilityasfollowerforces

Basedonthesymbolicdynamicsof a singlespatial [29].
plot, it is noteasyif at all possibleto distinguishbe-
tweenchaos,strangenonchaoticbehaviourandran-
dombehaviour.However,basedon thedistribution
of the maximumLyapunovexponents,a distinction References
can be made between chaotic and nonchaotic
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