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Abstract

A novel method of estimation of the largest Lyapunov exponent for discrete maps is introduced and evaluated for
chosen examples of maps described by difference equations or generated from non-smooth dynamical systems. The
method exploits the phenomenon of full synchronization of two identical discrete maps when one of them is disturbed.
The presented results show that this method can be successfully applied both for discrete dynamical systems described
by known difference equations and for discrete maps reconstructed from actual time series. Applications of the method
for mechanical systems with discontinuities and examples of classical maps are presented. The comparison between the
results obtained by means of the known algorithms and novel method is discussed.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The spectrum of Lyapunov exponents is the most precise tool for identification of the character of motion of a
dynamical system and its estimation is one of the fundamental tasks in studies of these systems. These exponents are an
exponential measure of divergence or convergence of nearby orbits in the phase space. From a mathematical point of
view Lyapunov exponents are numbers describing the behaviour of the derivative of transformation along the phase
trajectory. In practice, these exponents are a measure of sensitive dependence on initial conditions in phase space. For
practical applications it is most important to know the largest Lyapunov exponent (LLE in further notation). If the
largest value in the spectrum of Lyapunov exponents is positive it means that the system is chaotic. The largest value
equal to zero indicates periodic system dynamics. If all Lyapunov exponents are negative, then the stable critical point is
an attractor.

The idea of Lyapunov exponent was introduced by Oseledec [9]. His theoretical studies and numerical algorithms
formulated by Benettin et al. [1,2] and Wolf et al. [14], allow an easy estimation of entire spectrum of Lyapunov ex-
ponents for smooth, continuous systems described by differential equation of motion and for discrete maps described by
difference equations. If such equations are not known, or if the system under consideration is non-smooth, the esti-
mation of Lyapunov exponents is not straightforward.

In recent years several methods for calculation of Lyapunov exponents for dynamical systems with discontinuities
have been proposed. One of them is an application of the classical algorithm which is developed for cases of non-
smooth systems [6]. The other one allows to determine LLE of the one-dimensional discrete map generated from the
dynamical system under consideration [4,8]. There exist also the methods of estimation of the Lyapunov exponents
which are based on the reconstruction of the attractor from time series [14] or chaos synchronization [11-13].
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In this paper we describe a novel method of estimation of LLE for discrete dynamical systems using the phenomenon
of ideal (full) [10] or practical [5] synchronization between two identical discrete maps—one disturbed and one un-
disturbed. The ideal synchronization takes place when all trajectories converge to the same value and remain in step
with each other during further evolution (i.e. lim,_.. |x(¢) — y(¢)| = 0 for two arbitrarily chosen trajectories x(¢) and
»(t)). The practical synchronization is defined by the relation lim, .., |x(¢) — y(¢)| < J where 6 is a vector of small pa-
rameters.

The presented approach is based on the authors’ [11-13] and other researchers’ [3] theoretical studies. These con-
siderations show, that two identical dynamical systems coupled by unidirectional negative feedback mechanisms—as it
is given by the equations:

x=f(x), 0
y=rf) +dx-y),

(where x, y € R" and d € R" is a coupling coefficient) can synchronize if the coupling coeflicient is larger than LLE
(Amax) Which characterizes the coupled systems (d > Am,y). This linear dependence between the rate of coupling and
Lyapunov exponents results from the linearized solution of Eq. (1), describing the time evolution of a distance
z(t) = x(¢) — y(¢) between the trajectories representing both coupled systems, for small value of z(z). Such a solution
(starting from z(0)) has a following form:

2(t) = 2(0) exp| (s — 1] 2)

It is obvious, that the effect given by Eq. (2) cannot appear for a pair of discrete maps coupled in a way given by Eq. (1).
However, the similar synchronization effect for two identical maps can be achieved by the disturbance of one map. This
disturbance is under control of another map dynamics and appropriate exponential function. The properties of such
synchronization have been exploited to work out the presented method.

Our results show that this approach can be successfully applied both for discrete dynamical systems described by
known difference equations and for discrete maps reconstructed from actual time series. Since the synchronization is
easily detectable, the method has significant practical advantage over more traditional algorithmic methods in dealing
with non-smooth systems.

2. Theoretical studies

Consider a pair of discrete dynamical systems given by two identical maps

Xn+1 = f(xrz)v

Yot1 :f( n)7

where x, y € R, evolving on the asymptotically stable chaotic attractor A. In such a case the evolution on the attractor 4
is characterized by one positive Lyapunov exponent. The sequences of iterations generated from Eq. (3) starting from
different initial conditions (xy # yp) represent two independent trajectories on the attractor A.

Let us introduce a new variable z representing the distance between the trajectories of the systems under consid-
eration after each iteration, given by

3)

Z=X=) (4)
where z € R. It follows that the evolution of variable z is determined by the difference equation
Zul = Xni1 = Va1 = (%) = £ () (5)

For small values of z, i.e. z < |4|, where |[4| € R > 0 is the attractor size (maximum distance between two points on the
attractor), we can assume that the distance between trajectories of the systems under consideration after » iterations is
given by the linearized equation resulting from the definition of Lyapunov exponent, viz

z, = zp exp(4n), (6)

where 2 is a Lyapunov exponent and z, is initial distance between the trajectories. According to Eq. (6) the difference
equation of the trajectory separation is

Zup1 = Zy €Xp(4). (7)
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Fig. 1. The scheme of disturbance mechanisms.

In other words, for nearby trajectories the separation increases (positive value of 1) or decreases (negative value of 1) at
a rate proportional to Lyapunov exponent.

Let us now perturb the value of x, at each step according to a mechanism described below. The scheme of this
mechanism is shown in Fig. 1.

A new value of x, at each step is y, + Ay,, i.e. let

X, — x:zr = yu + Ay, (8)

where the indices “—" and “+” refer to values of x, before and after perturbation. If Ay, were equal to z,, there would
be no perturbation, instead we impose perturbation by allotting to Ay, € R disturbance value

Ay, =z, exp(—p), 9)

where p € R is a convergence parameter.
Then the disturbance value evolves according to

Ayuir/Ayn = (2,11/2,) exp(=p). (10)
Next substituting Eq. (8) in Eq. (3), we obtain

Yot = f (v + ), (11a)

Yart = (). (11b)

Written in this form, we can regard Eq. (11a) as the disturbed version of the undisturbed trajectory represented by Eq.
(11b). However, if the separation of these trajectories is small, the Lyapunov exponent expression given by Eq. (7) is
also valid. Moreover, substituting Egs. (11a) and (11b) in Eq. (10) gives

Ayt = [f (u + Aya) — f ()] exp(—p), (12)
since

zZy =Xy = Y = Ay (13)
It is clear from Egs. (9) and (10) that full synchronization of the disturbed and undisturbed maps occurs when the

disturbance achieves zero value.
Using Egs. (13) and (10), we can describe the evolution of the disturbance value in the following form

Ay,i1 = Ay, exp(A — p). (14)
It is clear from Eq. (12) that fulfilling the inequality
p> A (15)

guarantees the decrease of the disturbance value to zero and causes the synchronization of disturbed and undisturbed
systems (Egs. (11a) and (11b)). In such a case the synchronization manifold x = y becomes an attractor, i.e. the evo-
lution of the two-dimensional system defined by Egs. (11a) and (11b) is reduced to the evolution on the one-dimensional
attractor 4 located on the x = y manifold. In the opposite case (p < A) the manifold x = y is a repeller, and synchro-
nization is impossible.
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Moreover, from Eq. (12) we see that the disturbance value is the product of two independent factors:

(1) exponential divergence or convergence of nearby trajectories with a rate proportional to positive or negative Lyapu-
nov exponent,

(2) exponential divergence or convergence (it depends on the sign of parameter p) due to the introduced disturbance
with a rate proportional to the parameter p.

The first factor is a valid representation only in a direct neighbourhood of the synchronized state (small Ay value)
where linear effects are dominant. The second one acts in the entire phase space. Thus the product of exponential effects
is valid only near the synchronized manifold x = y. From Eq. (12) also results that one of them counteracts the other
(for the same signs of A and p).

Let us now consider a k-dimensional discrete system. Using the substitutions y, = y(i),., and y; = y(i), we can
describe such a system in the following form

y=rm, (16)
where y € R¥, i € (1,2,...,k). Substituting Eq. (16) in Eqgs. (11a), (11b) and (12) an augmented system is as follows
X =/ 0+ An), (17a)
yi=rm, (17b)
Ayl = [f O + Ayi) = £ ()] exp(—p), (17¢)

where x, y, Ay € R*. The evolution of the k-dimensional discrete map is described by k Lyapunov exponents. Hence, the
synchronization between disturbed and undisturbed maps (Eqgs. (11a) and (11b)) is guaranteed by the inequality

p> /lmaxv (18)

where Apa.x is LLE of the system under consideration (Eq. (16)).

Comparing Egs. (14) and (2), it is clearly visible, that the assumed exponential nature of the disturbance (Eq. (7)) is
not casual because such form of perturbation leads to the same linear dependence between LLE and the convergence
parameter p as between this exponent and coupling coefficient for coupled continuous systems. Hence, this dependence
can also be used for an estimation of LLE of discrete maps.

3. Numerical estimation procedure

Eq. (18) allows us to propose a novel method of estimation of LLE for k-dimensional discrete dynamical systems. In
fact Eq. (18) states that the smallest value of the coefficient p for which synchronization takes place is equal to the
maximum Lyapunov exponent .

To apply our method for any discrete dynamical system (Eq. (16)) it is necessary to build an augmented system
according to Egs. (17a)—(17c) or to formulate a numerical process which fulfils Eqs. (17a)-(17c) in several steps. The
next action is numerical search for the smallest synchronization parameter p for a such system, which approximates to
LLE of the investigated system (Eq. (16)).

The simplest way to find the smallest synchronization value of coefficient p is to construct a bifurcation diagram of
the disturbance value Ay against the parameter p. Examples of such diagrams are presented in Fig. 2 for the Henon map

3.0

Ay

0.0
0.0 p 0.5

Fig. 2. Bifurcation diagram of the disturbance value Ay against the parameter p for the system given by Eq. (20) (Henon map):
a=1.40, b =0.30.
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(Eq. (20)) applied in Egs. (17a)—~(17¢c). We can obtain the searched value of p from the point on the horizontal p-axis
where disturbance Ay achieves zero value. However, using such a way for LLE estimation is time consuming.

INPUT

Parameters of the system;
Parameters of numerical procedure

(Ntrans! Ntest! R 81 Sp, p1(0)1 p2(0))

=1, Piiy=Piy Painy=Pz)

Api—1=p2(0)_p1(0)
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Fig. 3. The scheme of the numerical investigation procedure of the LLE.
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Fig. 4. The idea of elastic disturbance parameter.

Therefore, for most of the calculations presented in this paper, we have applied a method of fast search of the
synchronization p value in tentatively assumed range of the convergence parameter—Apy = pi() — pao). This method
consist in division in half of the Ap; range depending on an occurrence of synchronization (p; = pyi—1) — Api—1/2) or
desynchronization (p; = pi—1) + Api—1/2) until the range Ap; is less than assumed precision of estimation dp. A scheme
of this procedure is shown in Fig. 3.

A long time of transient motion before both investigated maps achieve the synchronized state is a disadvantage
which can occur during the numerical analysis. In particular, this effect appears for small negative difference between
LLE and convergence parameter (/m.x — p =~ 0). To eliminate this disadvantageous effect and to achieve synchroni-
zation faster, we have assumed two different values of the parameter p depending on the distance between the inves-
tigated trajectories (see Fig. 4). The first of them is the current tested value of the parameter p which is valid only in a
direct neighbourhood of the synchronization manifold z = 0. This region is limited by a boundary value ¢ (in light grey
in Fig. 4). Beyond this region, the convergence parameter becomes much larger than its tested value (P > p, in dark
grey in Fig. 4). It forces the second system (disturbed) to evolve in the neighbourhood of the undisturbed system and it
accelerates the process of the appearance of synchronization.

The second way to shorten the estimation procedure is to detect of the practical synchronization because it is enough
to confirm that the synchronization state is asymptotically stable for the investigated value of the parameter p. For this
purpose, the assumed constant number of iterations N (for each tested value of convergence parameter) is divided into
two parts: transient iterations Ny,,s and tested Ny iterations (N = Nyans + Niest)- On the basis of the numerical analysis,
we can assume that the synchronized state is stable if the distance between the trajectories does not cross the boundary
value ¢ during the tested iterations i.e. the practical synchronization takes place.

4. Applications of the method
In this section we present the examples of our method applied in two cases:

(i) for a discrete map of a known difference equation,
(ii) for a discrete map obtained from a dynamical system with discontinuities.
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4.1. Discrete map of known difference equation

As an example we have used the classical Henon (k = 2) map which after the substitution in Eq. (16) is described by
the following difference equations:

W =1—ayi +»,

/ (19)

Y = by,

where a, b are parameters.
After putting Eq. (19) into Egs. (17a)—(17¢c) the augmented system takes the forms

X =1—a(y +An)* + (n + An),

x/2 = b(yl +Ay1)7

y; = l_ayf+y27 (20)
/

Y = by,

Ay = [Ay, — aAy (Ay + 2p1)] exp(—p),
Ay = bAy, exp(—p).

In Fig. 5 we show: a bifurcation diagram (Fig. 5a) of the Henon map (Eq. (19)) and corresponding LLE obtained
using a classical algorithm (Fig. 5b) and our method (Fig. 5c). More detailed comparison between the values of LLEs
(for chosen values of system parameters) is shown in Table 1. The calculations of LLEs presented in Fig. 5b and column
IT in Table 1 have been carried out by means of software DYNAMICS [7]. Comparing both the values in Table 1 and

1.50 |7 T/
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0.50
T
0.00 ‘ﬂ

8 ’,/’# = \
/"// \ .[
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0.00 a 1.41
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Fig. 5. Bifurcation diagram of Henon map (a) and corresponding Lyapunov exponents: obtained by means of classical algorithm (b),
obtained by means of novel method (c): b =0.3. Parameters of the numerical procedure: p;o) = —0.8, pyo) = 0.8, & =0.005,
op = 0.001, P = 1.00.
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Table 1

The comparison of LLEs of Henon map
(I) Parameters (IT) Classical algorithm (Apax) (ITT) Novel method (Ayax)
a=1.40,b=0.30 0.4186 0.4050
a=1.10,b=10.30 0.1811 0.1830
a=0.70, b =0.30 —0.6019 —0.6020
a=0.30,b=0.30 —0.0785 —0.0770

diagrams in Fig. 5b and ¢ we can see, that for the maps of the known difference equation, our method approximates the
classically calculated results with good precision.

4.2. Discrete maps of a linear oscillator with impacts

In this example we apply our method to estimate LLE of a discrete impact and Poincare maps generated from the
dynamics of a linear impact oscillator. The differential equations describing such an oscillator can be written as follows:

X1 <Xo: X = X2,
Xy = qcos(nt) — ox; — 2hxy, (21)
x; 2 Xo: X = —Rxp.

In the above equations parameter o represents natural frequency, A—linear damping, g—amplitude of excitation,
n—ifrequency of forcing, Xj is a position of the buffer, R is coefficient of restitution, x,, is the velocity in a moment
before the impact and x,, is the velocity just after the impact. The examples of the impact and Poincare maps of the
system given by Eq. (21) and corresponding phase portrait, for chosen values of parameters, are shown in Fig. 6. The
difference equations describing these maps can be written in the following general form:

Up41 :f‘(vmén)a
én+1 :g(vﬂvén)a

where v and ¢ represent the velocity v and the phase of excitation force 6 at the moment of the impact in impact map
(Fig. 6¢) or the velocity u and the position x after each period of excitation in a Poincare map (Fig. 6b). Expressions
defining the right sides of Eq. (22) are not known. Forms of transition from previous to the next iteration are re-
constructed numerically from differential equations describing the investigated system (Eq. (21)). Hence, the impact
map ; and Poincare map Xp can be defined as follows:

(22)

Fig. 6. The phase portrait of the impact oscillator (Eq. (21)) (a) and corresponding Poincare map (Eq. (23a)) (b) and impact map (Eq.
(23b)) (c): 1 =3.150, o = 1.00, & = 0.10, ¢ = 1.00, R = 0.90, Xy = 0.00.
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_Jon=0(t) = v = 0(t + 1),

= { 0, = cos™' (nt) — 0,1 = cos™' (n(t + 1)), (23a)
_ ) X :X(Z) — Xpt1 :x(t+2n/;1),

= {u =u(t) — uy1 = u(t +21/n), (23b)

where 7,—time between the impacts in given iteration n.
Substituting Eq. (22) in Eq. (15) we obtain the augmented system in the form appropriate to apply the estimation
procedure

v = [0+ Av, & + AQ),

ol j;ggzz t )Av, SR A (v = v}) exp(—p). o
2 = 2,62) — Y k

& =g, 4), AL = (& — &) exp(—p).

The transition to the next iteration is divided into two steps for the sake of unknown functions of transition.

The results of the carried out estimation of the dominant Lyapunov exponent using the proposed method are
presented in Fig. 7 and Table 2. In Fig. 7 we show the bifurcation diagram (Fig. 7a) of the impact oscillator (Eq. (21))
and the diagrams presenting corresponding LLEs estimated on the basis of impact maps synchronization (Fig. 7b) and
Poincare maps synchronization (Fig. 7c). We can see the bands when chaotic motion occurs (see Fig. 7a) when
Lyapunov exponent takes positive value (Fig. 7b and ¢). Also periodic motion occurs when negative Lyapunov ex-
ponent is found in these figures.

0.50
(a)
v >
0.00
0.50
(b)
7\1“3)( [
0.00 hm \ MJMA
I
-0.50
0.50
(c)
A ;,
0.00 ,H/V\ '
IR LYANE
-0.50
3.10 n 3.35

Fig. 7. Bifurcation diagram of the impact oscillator (Eq. (21)) presenting velocity in moment after impact versus bifurcation coefficient
1 (a) and corresponding Lyapunov exponents: obtained from impact map (/;) (b), obtained from Poincare map (4p) (c). Parameters of
the impact oscillator: o =1.00, 2 =0.10, ¢ = 1.00, R =0.90, X, = 0.00. Parameters of the numerical procedure: Ny, = 800,
Neest = 700, pio) = —0.7, pyo) = 0.7, e = 0.01, 3p = 0.01, P = 1.00.
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Table 2
The comparison of LLEs of the considered system (Eq. (21)): « = 1.00, # = 0.00, ¢ = 1.00, R = 0.80, X, = 0.00
@D n I T/ta (II1) ra (IV) D-maps (V) Impact maps (VI) Poincare maps
4 (Va) 4, (Vb) Zp +1In(ra)  (VIa) i (VIb) (AT /)
3.00 1.000 0.992 —0.2230 —0.2230 —0.2310 —0.2240 —0.2230
3.105 1.182 0.986 0.2038 0.1890 0.1897 0.2380 0.2410
3.121 1.250 0.993 —0.2230 —0.2230 —0.2302 —0.2790 —0.2780
3.126 1.065 0.988 0.2015 0.1930 0.1892 0.2270 0.2145

In Table 2 the values of LLE (for chosen values of the system (Eq. (21)) parameters) achieved using our method and
calculated by means of other known algorithm which can be applied for discontinuous systems are shown. These
parameters are the same as those used by other authors [4,8], in order to simplify the comparison of the results.

5. Discussion and conclusions

The numerical examples presented in the previous section show, that in case the of a known difference equation
describing the map under consideration, the proposed method approximates the classically calculated results satis-
factorily. The difference between the values of Lyapunov exponent in both cases does not cross a threshold of several
percent.

However, the comparison of the results obtained for an impact oscillator (Table 2) requires more detailed analysis of
the differences between these results and their reasons. The values of LLE (/) presented in the second column of Table
2 have been determined on the basis of the other method for discrete map generated from the analyzed system (Eq. (21))
[4,8]. The construction of such a map causes, that a dependence between Lyapunov exponents achieved from this map
(D-map) and calculated using other known methods [6], for the systems (phase streams) with discontinuities, is given as
follows

D = AdeTA, (25)

where Ap and A4, are LLEs determined appropriately from the D-map and differential equations (Eq. (21)) and 74 is an
average time between the impacts.

During the estimation of LLEs from impact maps (Eq. (23a)) there appears an additional convergential effect
connected with the coefficient of restitution R. In the moment of impact, the trajectory separation z changes in each
iteration 7 according to the transformation

(i), = 1/ (A0(0),)? + (80(), ) — =(0), = \/ (RA(), ) + (A0(7), ) (26)

The indices “b” and “a” refer to the states before and after the impact. Hence, the relation between LLEs for impact
and H-maps takes the form:

J=p+1n(ra), (27)
where
S SCUNEUN (28)

i=1

is an average relative decrease of the trajectory separation after impact (column III in Table 2).

According to Eq. (27) LLEs generated from impact maps are smaller than these obtained form D-maps, because
In(r) has a negative value (» < 1 in column III in Table 2). It is confirmed by comparison of estimated LLEs with the
values calculated from Eq. (28) (columns Va and Vb in Table 2), but only for positive LLEs.

It is clear, that the connection between LLEs determined from differential equations of smooth system and these
estimated from its Poincare map is given by equality

Jp = aeT, (29)

where T' = 2n/n—period of excitation.
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In the case of non-smooth systems this relation (Eq. (29)) can assume more complicated form due to the effect of
convergence caused by an impact, similar to that, described by Egs. (26) and (28) for an impact map. However, the
results presented in Table 2 (columns VIa and VIb) show that Eq. (30) works well enough also in the system under
consideration and the dependence between D-map and Poincare map methods is given by

Ap = (T /1) p. (30)

The comparative analysis presented in Table 2 shows that the convergence effect of the impact described above (Eq.
(28)) influences positive values of LLEs only, especially when proposed method is applied for impact maps. For
negative Lyapunov exponents almost ideal agreement of the results, obtained by means of novel and known method, is
observed (columns IV, Va, VIb). This phenomenon can be explained easily. Namely, the effect of the largest positive or
negative Lyapunov exponent (for nearby trajectories) takes place only in temporary direction connected with this
exponent, because the spatial orientation of the directions connected with given exponent varies in very complicated
way during the evolution on the attractor. The convergence due to the impact also acts only in a given direction of the
map. Since the disturbance effect, associated with exponent p, acts in all directions of the map with the same rate, so for
the chaotic impact map the convergence caused by positive value of p is strengthened by impact convergence in each
iteration and synchronization is possible for parameter p smaller than LLEs according to Eq. (27). However, in the case
of periodic maps the negative LLE effect is covered by the impact effect only accidentally in some iterations due to the
disagreement of main directions of these both effects in most iterations. Therefore, the strengthening of the convergence
is not effective, so the synchronization appears only when condition given by Eq. (18) is fulfilled.

In fact, the above described small differences between LLEs estimated from our procedure and obtained from other
algorithm have no practical significance for the proper identification of motion character. In Figs. 6 and 7 we show that
the proposed method is a good enough tool for the detection of deterministic chaos and bifurcation values of pa-
rameters.

Summing up, we can state that the method we have demonstrated allows us to estimate the value of LLEs both for
discrete dynamical systems of known difference equations and also for discrete maps reconstructed from the time
evolution of the given system. The novelty of the method lies in its use of the phenomenon of synchronization (readily
recognized) of two identical discrete maps, one disturbed by the other. The approach presented in this paper can be
generalized to higher dimensional systems. From a viewpoint of practical applications, the presented method can be
very useful for the estimation of the LLE in mechanical systems with discontinuities, in particular for systems with
impacts or dry friction, where classical methods are not easily applicable.
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