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Abstract

The phenomenon of ideal synchronization of a pair of identical dynamical systems coupled by a one-to-one negative

feedback mechanism is described and explained. The theoretical analysis supported by numerical simulations, which is

presented in this paper, confirms the properties of chaotic synchronization (in the case of full coupling) that have been

observed earlier. Additionally, this analysis develops a description of the problem under consideration for partial

coupling between analyzed dynamical systems. Two classical Lorenz systems and Duffing oscillators coupled by a one-

to-one negative feedback mechanism are considered as numerical examples.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The phenomenon of synchronization in dynamical systems has been known for a long time. Recently,

the idea of synchronization has been also adopted for chaotic systems. It has been demonstrated that two or

more chaotic systems can synchronize by linking them with mutual coupling or with a common signal or

signals (Blekhman et al., 1995; Brown et al., 1994; Fujisaka and Yamada, 1983; Kapitaniak, 1994; Pecora

and Carroll, 1990, 1991; Pyragas, 1993). In the case of coupled, identical chaotic systems, i.e. the same set of

ODEs and values of the system parameters, ideal synchronization can be obtained. The ideal synchroni-
zation takes place when all trajectories converge to the same value and remain in step with one another

during further evolution (i.e. limt!1 jxðtÞ � yðtÞj ¼ 0 for two arbitrarily chosen trajectories xðtÞ and yðtÞ). In
such a situation, all subsystems of the augmented system evolve on the same manifold on which one of

these subsystems evolves (the phase space is reduced to the synchronization manifold). Linking homo-

chaotic systems (i.e. systems given by the same set of ODEs but with different values of the system pa-

rameters) can lead to practical synchronization (i.e. limt!1 jxðtÞ � yðtÞj6 e, where e is a vector of small

parameters) (Kapitaniak et al., 1996; Liu and Rios Leite, 1994). In such linked systems, a significant change
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of the chaotic behavior of one or more systems can be also observed. This so-called ‘‘controlling chaos by

chaos’’ procedure has some potential importance for mechanical and electrical systems. An attractor of

such two systems coupled by a negative feedback mechanism can be even reduced to the fixed point

(Fujisaka and Yamada, 1983; Stefa�nnski and Kapitaniak, 1996).
This paper concerns the ideal synchronization of two identical dynamical systems coupled by a negative

feedback mechanism. When these systems are uncoupled, they work in a chaotic range. This problem has

been described earlier by other researchers (Fujisaka and Yamada, 1983) for the case of full symmetrical

coupling. In recent authors� papers, a description of this phenomenon has been developed for the case of

non-symmetrical and unidirectional coupling and properties of the ideal synchronization have been applied

for the estimation of the largest Lyapunov exponent in non-smooth systems (Stefa�nnski and Kapitaniak,

2000; Stefa�nnski, 2000). This method of estimation exploits a property of the linear dependence between the

coupling rate and the largest Lyapunov exponent characterizing both identical coupled systems. In this
paper, we present a developed analysis of the ideal synchronization process, also for a pair of partially

coupled identical oscillators (the definition of full and partial coupling is to be found in the next section).

The theoretical analysis (described in Section 2) is supported by the numerical simulations presented in

Section 3. Two classical Lorenz systems and Duffing oscillators coupled by a one-to-one negative feedback

mechanism are considered as numerical examples.
2. Synchronization via a negative feedback

The dynamical system under consideration is composed of two identical n-dimensional subsystems

coupled by a one-to-one negative feedback mechanism with a pair of coupling coefficients dx and dy .
A scheme of such a system is shown in Fig. 1. The general form of its mathematical description is given by

the following first order differential equations:
_xx ¼ f ðxÞ þ dxðy � xÞ;
_yy ¼ f ðyÞ þ dyðx� yÞ;

ð1Þ
where x; y 2 Rn (n 2 NP 3) and dx;y ¼ diag½dx;y ; dx;y ; . . . ; dx;y � 2 Rk P 0, (k ¼ 0; 1; 2; . . . ; n) is a diagonal

coupling matrix. The natural number k represents a dimension of the coupling matrix.

Depending on the dimension of the coupling matrix, two forms of coupling can be distinguished,

namely:

i(i) Full coupling, which is realized by all n-numbers of first order ODEs describing the connected subsys-
tems. Thus, the dimension of the coupling matrix is equal to the dimension of the phase space of these

subsystems (k ¼ n).
Chaotic System I
      dx/dt=f(x)

Chaotic System II
      dy/dt=f(y)
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Fig. 1. The scheme of negative feedback coupling mechanism.
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(ii) Partial coupling where both subsystems are not coupled by all first order ODEs but only by some

of them (16 k < n).

In the first part of our considerations, let us assume that for k ¼ 0 (lack of coupling) each of the sub-
systems of the system given by Eq. (1) evolves on the asymptotically stable chaotic attractor A. In this case

the system under consideration (Eq. (1)) is simplified to a pair of separate dynamical systems given by the

equations:
_xx ¼ f ðxÞ;
_yy ¼ f ðyÞ:

ð2Þ
Since these both systems are identical, it can be assumed that the solutions to both Eq. (2) starting from

different initial points of the same basin of attraction, represent two uncorrelated trajectories evolving on

the same attractor A (after a period of the transient motion), so x 6¼ y. If initial conditions are the same, the

evolution of both the subsystems is identical and we have the ideal synchronization (x ¼ y).
Now, we introduce a new variable z representing the trajectory separation between both subsystems

during the time evolution. This variable is defined by the expression:
z ¼ x� y; ð3Þ

where z 2 Rn. The absolute value of the trajectory separation:
q ¼ k~zzk ¼ jx� yj ð4Þ

describes the norm (q 2 RP 0) of the trajectory separation vector:
~zz ¼~xx�~yy: ð5Þ

The time variations of the norm of the trajectory separation vector are determined by the first time

derivative of Eq. (4):
_qq ¼ _xx� _yy for xP y;

_qq ¼ _yy � _xx for x < y;
ð6Þ
and, after substituting Eq. (2) into Eq. (6), we obtain:
_qq ¼ f ðxÞ � f ðyÞ for xP y;

_qq ¼ f ðyÞ � f ðxÞ for x < y:
ð7Þ
For a small trajectory separation vector, that is to say, q � jAj, where jAj 2 RP 0 is the attractor�s size,
i.e. the maximum distance between two points on the attractor in the phase space, we can assume that the

distance between trajectories of the subsystems under consideration is given by the linearized equation

resulting from the definition of the Lyapunov exponent:
q ¼ d0 expðkmaxtÞ; ð8Þ

where kmax is the largest Lyapunov exponent (positive for the chaotic system), d0 2 RP 0 is an initial

(infinitely small) distance between trajectories. The first time derivative of Eq. (8) is given by the relation:
_qq ¼ kmaxd0 expðkmaxtÞ: ð9Þ

The comparison of Eqs. (7) and (9) yields the equalities:
xP y : f ðxÞ � f ðyÞ ¼ kmaxd0 expðkmaxtÞ;
x < y : f ðyÞ � f ðxÞ ¼ k d expðk tÞ:

ð10Þ

max 0 max
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Eq. (10) is fulfilled only for a certain time s � ð1=kmaxÞ lnðjAj=d0Þ. After this time, non-linear effects

become important.

The next step is an introduction of coupling according to Eq. (1). In the case of full coupling, when the

equality of dimensions (k ¼ n) takes place, we can describe the time evolution of the trajectory separation

vector norm with the following equations:
xP y : _qq ¼ f ðxÞ � f ðyÞ � ðdx þ dyÞq;
x < y : _qq ¼ f ðyÞ � f ðxÞ � ðdx þ dyÞq:

ð11Þ
Using Eq. (10) in Eq. (11), we obtain:
dq
dt

¼ kmaxd0 expðkmaxtÞ � ðdx þ dyÞq: ð12Þ
In order to separate variables, we have to divide Eq. (12) by the expression q=dt and next use the

substitution d0 q ¼ expð�kmaxtÞ arising from Eq. (8). Now, Eq. (12) is given in the form:
dq
q

¼ ½kmax � ðdx þ dyÞ�dt; ð13Þ
and has the following solution:
q ¼ q0 expðkmaxtÞ exp½ðdx þ dyÞt�; ð14Þ
where q0 is a norm of the initial trajectory separation vector.

From Eq. (14) we see that the trajectory separation is the product of two independent factors:

i(i) exponential divergence of nearby trajectories with a rate proportional to the positive Lyapunov expo-

nent, which is given by Eq. (9),

(ii) exponential convergence due to the introduced negative feedback coupling with a rate proportional to

the sum of coupling coefficients. The evolution of the trajectory separation associated with this effect

can only be described in the form:
dq
dt

¼ �ðdx þ dyÞq: ð15Þ
As results from Eq. (14), the fulfillment of the inequality:
dx þ dy > kmax ð16Þ
guarantees the full synchronization because the trajectory separation vector decreases to zero.

The first of the above-described phenomena occurs only in the direct neighborhood of the synchronized

state where linear effects are dominant. The second one acts in the entire phase space. For that reason, the

product of both exponential effects (Eq. (14)) takes place only nearby the synchronization manifold.
In further analysis, to simplify the visualization, we took n ¼ 3 and assumed that the evolution on the

attractor A was characterized by one positive Lyapunov exponent.

The two-dimensional visualization of the first of the above-mentioned exponential effects is shown in

Fig. 2(a). The Lyapunov exponents are related to the expanding or contracting nature of different directions

in the phase space and the number of them is equal to the phase space dimension. In the example shown in

Fig. 2(a), we have assumed that the perpendicular axes of z-directions (trajectory separation vector) are

covered with the principal axes associated with a given Lyapunov exponent. Thus, the axis z1 represents the
expanding direction of the phase space connected with the positive Lyapunov exponent (kmax > 0) and the
axis z2 is associated with the contracting direction (kmin < 0). The direction corresponding to the exponent

k ¼ 0 is always tangential to the phase trajectory. Such expanding and contracting effects cause that during



Fig. 2. Two-dimensional images of positive Lyapunov exponent effect (a) and negative feedback coupling effect (b).
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the time evolution the infinitesimal sphere of initial conditions Sð0Þ (interrupted line) is deformed into the

ellipsoid SðtÞ (solid line). Also the initial trajectory separation vector~zzð0Þ increases at a rate proportional

to the largest Lyapunov exponent.

In Fig. 2(b) the visualization of the influence of a negative feedback on the evolution of the trajectory

separation vector and the sphere of initial conditions Sð0Þ in the phase space of the system represented by

Eq. (15) is shown. This figure shows that full coupling has a convergent nature and causes a permanent

decrease of the trajectory separation vector at a rate proportional to the sum of coupling coefficients. For

the same reason, the volume of the sphere SðtÞ diminishes during the time evolution but this sphere is not

deformed because the process described by Eq. (15) has a linear character.

The assumed covering of the z-direction and principal k-direction axes does not take place in reality. The

spatial orientation of the system of coordinates associated with a given Lyapunov exponent varies in a

complex way during the evolution on the attractor. But in Fig. 2(a) it is shown that the negative feedback
acts in all directions of the phase space with the same rate. Therefore, in the case of full coupling, inequality

(16) is always fulfilled in spite of the disagreement of the principal directions of both the exponential effects.

Thus, inequality (16) is the condition of the full synchronization of the two fully coupled identical dy-

namical systems given by Eq. (1).

However, the condition of synchronization given by inequality (16) does not ensure the full synchro-

nization in a situation when only partial coupling is applied. In such a case, coupling is not realized by one

or more first order ODEs describing the connected systems (k < n). This fact causes that the effect of a

negative feedback may not have such a regular nature as it is shown in Fig. 2(b) and the dependence be-
tween the sum of coupling coefficients and the largest Lyapunov exponent (inequality (16)) may not be

fulfilled. In order to estimate the effectiveness of partial coupling, we have introduced the coefficient of

coupling effectiveness j. The idea of this coefficient is illustrated by the following inequality:
dx þ dy > jkmax; ð17Þ
which is the condition of synchronization for partially coupled chaotic oscillators (j 2 R > 0).

The above-presented mathematical analysis concerns the chaotic synchronization by full coupling, for
which the value of the coefficient j amounts to 1 and it is defined only for the largest positive Lyapunov

exponents (kmax > 0). The analytical determination of this coefficient for partial coupling is very difficult

or even impossible. However, it can be estimated in a way of numerical investigations of the full syn-

chronization process, according to the relation:
j ¼ Ds

kmax

; ð18Þ
where Ds is the smallest value of the sum of coupling coefficients (dx þ dy) for which stable synchronized
motion appears.
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3. Numerical simulations

In this section we present the examples of numerical analysis of double chaotic oscillators given by Eq.

(1). All numerical simulations have been carried out with the DYNAMICS (Nusse and Yorke, 1997) and
INSITE (Parker and Chua, 1989) software. As the examples of chaotic systems, two classical non-linear

oscillators have been applied, namely:

i(i) Duffing oscillator,

(ii) Lorenz system.
3.1. Coupled Duffing oscillators

In the first part of this section, we present numerically simulated synchronization of two coupled,

identical Duffing oscillators working in chaotic regime. A single Duffing system is described by the well-

known equation of motion:
m€xx� kxð1� x2Þ þ c _xx ¼ F cosðxtÞ; ð19Þ

where m is the mass of the oscillator, kð1� x2Þ the non-linear stiffness of the spring, c the coefficient of

viscous damping, F the amplitude of the harmonic exciting force, x the frequency of forcing. In the nu-

merical analysis, the same values of system parameters were assumed for all the cases considered.

In the first case under consideration, two oscillators (Eq. (19)) are coupled together according to Eq. (1) by

a full couplingmechanism. Dividing Eq. (19) by the mass m and introducing the substitutions: x ¼ x1, _xx ¼ x2,
a ¼ k=m, h ¼ c=m, p ¼ F =m and putting in Eq. (1), we obtain the augmented system in the following form:
_xx1 ¼ x2 þ dxðy1 � x1Þ;
_xx2 ¼ p cosðxtÞ þ ax1ð1� x21Þ � hx2 þ dxðy2 � x2Þ;
_yy1 ¼ y2 þ dyðx1 � y1Þ;
_yy2 ¼ p cosðxtÞ þ ay1ð1� y21Þ � hy2 þ dyðx2 � y2Þ:

ð20Þ
Two forms of full coupling have been considered during the numerical analysis: symmetrical coupling

(dx ¼ dy ¼ d) and unidirectional coupling (dx ¼ d, dy ¼ 0). According to the condition of synchronization
(inequality (16)), this phenomenon should take place when the sum of coupling parameters exceeds the

largest Lyapunov exponent which is characteristic of the systems coupled in Eq. (20). It is confirmed by the

bifurcation diagrams shown in Fig. 3(a) and (b), where we can see that synchronization appears (trajectory

separation z1 ¼ x1 � y1 tends to zero) for the smallest value of parameter d (synchronization value ds in
further considerations) predicted by inequality (16), i.e. it is approximated by the largest Lyapunov ex-

ponent (given on the top of the figures) for unidirectional coupling (kmax � Ds ¼ ds, see Fig. 3(b)) or half of
this value for symmetrical coupling (kmax � Ds ¼ 2ds, see Fig. 3(a)). However, full coupling has no real

equivalent because it is impossible to execute such kind of coupling (given by Eq. (20)) in a real mechanical
system. It can be done with numerical simulations only.

However, an equivalent in reality has partial coupling in the form described by the following equations:
_xx1 ¼ x2;

_xx2 ¼ p cosðxtÞ þ ax1ð1� x21Þ � hx2 þ dxðy2 � x2Þ;
_yy1 ¼ y2;

_yy2 ¼ p cosðxtÞ þ ay1ð1� y21Þ � hy2 þ dyðx2 � y2Þ:

ð21Þ



Fig. 4. Coupled Duffing oscillators.

Fig. 3. The bifurcation diagrams of trajectory separation versus coupling coefficient d for full coupling (Eq. (20)) of two chaotic Duffing

oscillators: (a) symmetrically coupled (dx ¼ dy ¼ d), (b) unidirectionally coupled (dx ¼ d, dy ¼ 0); a ¼ 1:00, h ¼ 0:25, p ¼ 0:30,

x ¼ 1:00. The corresponding value of the largest Lyapunov exponent––on the top.
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The physical model of the system given by Eq. (21) is shown in Fig. 4. The coupling between vibrating
masses is symmetrical (dx ¼ dy ¼ d) and it is realized by a viscous damper with the damping coefficient c1.
The coupling parameter represents the damping rate between both masses (d ¼ c1=m). The results of the

numerical modelling of partial coupling according to Eq. (21) are presented in Fig. 5(a) and (b). These

figures illustrate the bifurcation diagrams of the trajectory separation versus the coupling coefficient of two

identical numerical models of the analysed system, starting from different initial conditions. It is clearly

visible that in both examples, synchronization appears for approximately the same value of the coupling

parameter, thus synchronization by partial coupling is not an accidental process. Dividing the double

synchronization value ds by the largest Lyapunov exponent, we can estimate the value of coupling effec-
tiveness according to Eq. (18) (j � 2:30). The effectiveness of both the coupling forms is also exemplified

by a comparison of Fig. 5(a) and (b) with the analogous one shown in Fig. 3(a).
3.2. Coupled Lorenz systems

The second numerical example has been carried out on the basis of coupled chaotic Lorenz oscillators.
Substituting the Lorenz system in Eq. (1), the augmented system is given in the form:



Fig. 5. The bifurcation diagrams of trajectory separation versus coupling coefficient d for partial coupling (Eq. (21)) of two chaotic

Duffing oscillators (analoguous to these shown in Fig. 3(a) and (b)) starting from different initial conditions in each step of bifurcation

parameter: (a) x1ð0Þ ¼ 1:00, x2ð0Þ ¼ 0:00, y1ð0Þ ¼ 0:00, y2ð0Þ ¼ 1:00, (b) x1ð0Þ ¼ �1:00, x2ð0Þ ¼ 1:00, y1ð0Þ ¼ 3:00, y2ð0Þ ¼ 2:00.
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_xx1 ¼ �dðx1 � x2Þ þ dx1ðy1 � x1Þ;
_xx2 ¼ �x1x3 þ rx1 � x2 þ dx2ðy2 � x2Þ;
_xx3 ¼ x1x2 � bx3 þ dx3ðy3 � x3Þ;
_yy1 ¼ �dðy1 � y2Þ þ dy1ðx1 � y1Þ;
_yy2 ¼ �y1y3 þ ry1 � y2 þ dy2ðx2 � y2Þ;
_yy3 ¼ y1y2 � by3 þ dy3ðx3 � y3Þ;

ð22Þ
where d; b and r are the system parameters and diag½dx;y1; dx;y2; dx;y3� is the coupling matrix.

During the numerical simulations, three forms of symmetrical coupling were considered:

ii(i) full coupling (dx;y1 ¼ dx;y2 ¼ dx;y3 ¼ d),
i(ii) partial coupling I (dx;y1 ¼ 0, dx;y2 ¼ dx;y3 ¼ d),
(iii) partial coupling II (dx;y1 ¼ dx;y2 ¼ 0, dx;y3 ¼ d).

The numerically generated synchronization values ds for all the above-mentioned cases of coupling are

presented on the bifurcation diagrams shown in Fig. 6(a)–(c). Fig. 6(a) shows that, like in the previous

example, the effectiveness of full coupling is about 1 (kmax � Ds ¼ 2ds). However, as we can see in Fig. 6(b)

and (c), partial coupling can be less (j � 1:25, see Fig. 6(c)) as well as even more effective (j � 0:93, see
Fig. 6(b)) than its full version.
4. Discussion and conclusions

The theoretical analysis presented in this paper demonstrates an existence of the close dependance be-
tween synchronization of identical chaotic systems and the largest Lyapunov exponent if full coupling is



Fig. 6. The bifurcation diagrams of trajectory separation versus coupling coefficient d for coupled chaotic Lorenz systems (Eq. (22)): (a)

full coupling (dx;y1 ¼ dx;y2 ¼ dx;y3 ¼ d), (b) partial coupling I (dx;y1 ¼ 0, dx;y2 ¼ dx;y3 ¼ d), (c) partial coupling II (dx;y1 ¼ dx;y2 ¼ 0, dx;y3 ¼ d);
d ¼ 10:0, b ¼ 8=3, r ¼ 120:0. The corresponding value of the largest Lyapunov exponent––on the top.
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applied to them. Such dependance can be used in practice. Namely, the above-mentioned properties of

chaos synchronization via full coupling allow us to estimate the largest Lyapunov exponent of an arbitrary

system (Stefa�nnski and Kapitaniak, 2000; Stefa�nnski, 2000). The method based on these properties can be

very useful for non-smooth systems, where the estimation of Lyapunov exponents is not straightforward.

For smooth systems, it can be the way to verify the results obtained by means of the classical algorithm.
However, in the case of partial coupling of two mechanical systems, the linear dependance between the

synchronization rate of coupling and the largest Lyapunov exponent is not fulfilled in most cases (j 6¼ 1).

Such coupling is not executed by all first order ODEs describing coupled systems. For that reason, the real

effect of negative feedback does not have such a regular influence on synchronization as the effect of full

coupling. The real condition of synchronization is more complicated. Therefore, we have introduced the

coefficient j in order to describe the effectiveness of partial coupling. In all the cases considered in this paper,

the value of the coefficient j is independent of initial conditions (see the examples shown in Fig. 5(a) and

(b)). Possible influence of initial conditions on the effectiveness of partial coupling has not been found in the
systems under analysis.

The additional visualization of both forms of coupling is given by the comparison of the Lyapunov

exponents for full and partial coupling, which is presented in Fig. 7(a) and (b). These figures illustrate the

bifurcation diagrams of the four largest Lyapunov exponents corresponding to Fig. 6(a) (full coupling Fig.

7(a)) and Fig. 6(b) (partial coupling I, Fig. 7(b)), respectively. Comparing Fig. 6(a) and (b) with Fig. 7(a)

and (b), we can observe that synchronization occurs when the exponent k2 becomes negative. This fact
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shows an another aspect of chaotic synchronization. Namely, this phenomenon can be considered (in the

cases presented) as a process of the transition from hyperchaotic motion in the 2n-dimensional phase space

(with two positive Lyapunov exponents) to chaotic motion (with one positive Lyapunov exponent) on the

n-dimensional synchronization manifold x ¼ y. Obviously, such process does not always lead to synchro-
nization because it is also possible that after the transition from hyperchaos, the chaotic attractor is not

locked on the synchronization subspace.

It is clearly visible in Fig. 7(a), as well as in Figs. 3(a) and (b) and 6(a), that the regular nature of full

coupling shown in Fig. 2(a) always forces the transition to synchronization, according to the condition

given by inequality (16) (ds � kmax=2, so j � 1) and makes the anticipation of the synchronization process

(if the largest Lyapunov exponent is known) possible. In the case of partial coupling, the convergence is

irregular because such coupling does not act in all directions of the phase space with the same rate, hence it

does not ensure satisfying inequality (16). The connection of such a form of convergence with the effect of
non-linearity in the hyperchaotic regime makes it impossible to predict the level of coupling effectiveness j.
From the viewpoint of the analysis presented in Section 2, full coupling seems to be the most effective

(j ¼ 1). Thus, partial coupling should not lead to full synchronization for the value of the parameter j
smaller than 1. However, this conjecture is not always valid in practice (what is clearly demonstrated in

Figs. 7(b) and 6(b) where ds < kmax=2), due to the above-mentioned unpredictable behavior of partially

coupled systems in the desynchronized state on the hyperchaotic attractor.

This short discussion touches on the problem under consideration only in general. Especially, the

phenomenon of high effectiveness of partial coupling (in the cases when j < 1) requires more detailed
explanation, which is our task for the future and will be reported later.
Fig. 7. Variation of the largest Lyapunov exponents versus coupling coefficient d for coupled Lorenz systems (Eq. (22)) corresponding

to: (a) full coupling (Fig. 6(a)); (b) partial coupling (Fig. 6(b)).
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